Chapter 1

The Markov—-Switching

Vector Autoregressive Model

This first chapter is devoted to a general introduction into the Markov—switching vec-
tor autoregressive (MS-VAR) time series model. In Section 1.2 we present the fun-
damental assumptions constituting this class of models. The discussion of the two
components of MS-VAR processes will clarify their on time invariant vector auto-
regressive and Markov-chain models. Some basic stochastic properties of MS-VAR
processes are presented in Section 1.3. Finally, MS-VAR models are compared to
alternative non-normal and non-linear time series models proposed in the literature.
As most non-linear models have been developed for univariate time series, this dis-
cussion is restricted to this case. However, generalizations to the vector case are also

considered.

1.1 General Introduction

Reduced form vector autoregressive (VAR) models have been become a dominant
research strategy in empirical macroeconomics since SIMS [1980]. In this study we
will consider VAR models with changes in regime, most results will carry over to
structural dynamic econometric models by treating them as restricted VAR models.
When the system is subject to regime shifts, the parameters 6 of the VAR process
will be time-varying. But the process might be time-invariant conditional on an un-
observable regime variable s; which indicates the regime prevailing at time ¢. Let
M denote the number of feasible regimes, so that s; € {1,..., M }. Then the con-
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1.1. General Introduction 7

ditional probability density of the observed time series vector y; is given by

fyelYio1,61)  ifsg =1
P(ye|Yeo1,8:) = : (1.1
fWlYi-1,0n) ifs: = M,
where 0., is the VAR parameter vector in regime m = 1,..., M and Y;_; are the
observations {y;—; }52;.

Thus, for a given regime s;, the time series vector y; is generated by a vector auto-

regressive process of order p (VAR(p) model) such that

p
ElyelYeo1,50) = v(se) + Y Aj(se)ye—s,

=1

where u; is an innovation term,
Ut =Yt — E[yt|Yt~1, St]-

The innovation process u; is a zero-mean white noise process with a variance-

covariance matrix ¥(s;), which is assumed to be Gaussian:

ug ~ NID (0, 3(s¢)).

If the VAR process is defined conditionally upon an unobservable regime as in equa-
tion (1.1), the description of the data generating mechanism has to be completed by
assumptions regarding the regime generating process. In Markov-switching vector
autoregressive (MS-VAR) models — the subject of this study — it is assumed that the

regime s, is generated by a discrete-state homogeneous Markov chain:?

Pr(s:|{se—; Y321, {ve—5}521) = Pr(selse-1; p),
where p denotes the vector of parameters of the regime generating process.

The vector autoregressive model with Markov-switching regimes is founded
on at least three traditions. The first is the linear time-invariant vector auto-
regressive model, which is the framework for the analysis of the relation of

the variables of the system, the dynamic propagation of innovations to the

1The notation Pr(-) refers to a discrete probability measure, while p(-) denotes a probability density

function.
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system, and the effects of changes in regime. Secondly, the basic statist-
ical techniques have been introduced by BAUM & PETRIE [1966] and BAUM
et al. [1970] for probabilistic functions of Markov chains, while the MS-
VAR model also encompasses older concepts as the mixture of normal dis-
tributions model attributed to PEARSON [1894] and the hidden Markov-chain
model traced back to BLACKWELL & KOOPMANS [1975] and HELLER [1965].
Thirdly, in econometrics, the first attempt to create Markov-switching regression
models were undertaken by GOLDFELD & QUANDT [1973], which remained,
however, rather rudimentary. The first comprehensive approach to the statistical
analysis of Markov-switching regression models has been proposed by LINDGREN
[1978] which is based on the ideas of BAUM et al. [1970]. In time series analysis, the
introduction of the Markov-switching model is due to HAMILTON [1988], [1989]
on which most recent contributions (as well as this study) are founded. Finally,
our consideration of MS-VAR models as a Gaussian vector autoregressive process
conditioned on an exogenous regime generating process is closely related to state
space models as well -as the concept of doubly stochastic processes introduced by
TI@STHEIM [1986b].

The MS-VAR model belongs to a more general class of models that characterize a
non-linear data generating process as piecewise linear by restricting the process to
be linear in each regime, where the regime is conditioned is unobservable, and only
a discrete number of regimes are feasible.? These models differ in their assumptions

concerning the stochastic process generating the regime:

(i.) The mixture of normal distributions model is characterized by serially inde-

pendently distributed regimes:
Pr(s|{si—;}521, {yt—3}521) = Pr(s¢; p)-

In contrast to MS-VAR models, the transition probabilities are independent of
the history of the regime. Thus the conditional probability distribution of y; is

independent of s;_,

Pr(y:|Yi-1,8t-1) = Pr(y:|Yi-1),

2In the case of two regimes, POTTER [1990],[1993] proposed to call this class of non-linear, non-normal

models the single index generalized multivariate autoregressive (SIGMA) model.
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(i)

(iii.)

and the conditional mean E[y;|Y;_1, s¢—1] is given by E[y:|Y;—1].2 Even so,
this model can be considered as a restricted MS-VAR model where the trans-
ition matrix has rank one. Moreover, if only the intercept term will be regime-
dependent, MS(M)-VAR(p) processes with Gaussian errors and ¢.1.d. switch-
ing regimes are observationally equivalent to time-invariant VAR (p) processes
with non-normal errors. Hence, the modelling with this kind of model is very

limited.

In the self-exciting threshold autoregressive SETAR(p,d,r) model, the
regime-generating process is not assumed to be exogenous but directly linked
to the lagged endogenous variable y;_4.* For a given but unknown threshold

7, the ‘probability’ of the unobservable regime s; = 1 is given by

1 ify;a<r

Pr(s; = 1|{3t—j}?‘;1»{yt—j}?‘;1) =I(y;—a <1) = { 0 ifyeg>r,

While the presumptions of the SETAR and the MS-AR model seem to be quite
different, the relation between both model alternatives is rather close. This is
also illustrated in the appendix which gives an example showing that SETAR

and MS-VAR models can be observationally equivalent.

In the smooth transition autoregressive (STAR) model popularized by GRAN-
GER & TERASVIRTA [1993], exogenous variables are mostly employed to
model the weights of the regimes, but the regime switching rule can also be

dependent on the history of the observed variables, i.e. y;_g4:
PI'(St = 1|{5t—j};?i1) {yt—j}?o:h) = F(y;—dé - T)7

where F(y,_,6 — r) is a continuous function determining the weight of re-
Yt—da g g

3The likelihood function is given by

T M
p(Yr!|Yo;6,€) = Z Z Emp(yt|Yeo1,0m),

t=1 m=1

where § = (61, ...,6),) collects the VAR parameters and £ is the ergodic probability of regime

m.

41n threshold autoregressive (TAR) processes, the indicator function is defined in a switching variable
z¢—g4, d > 0. In addition, indicator variables can be introduced and treated with error-in-variables
techniques. Refer for example to COSSLETT & LEE [1985] and KAMINSKY [1993].
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gime 1. For example, TERASVIRTA & ANDERSON [1992] use the logistic dis-
tribution function in their analysis of the U.S. business cycle.’

(iv.) All the previously mentioned models are special cases of an endogenous se-
lection Markov-switching vector autoregressive model. In an EMS(M, d)-
VAR(p) model the transition probabilities p;;(-) are functions of the observed

time series vector ¥;_4:
Pr(s; = m|si—1 = %,Y1—d) = Pim(Y;—a6)-

Thus the observed variables contain additional information on the conditional

probability distribution of the states:

Pr(s:|{s:-;}521) % Pr(se[{se—j}521, {yt—i}j21)-

Thus the regime generating process is no longer Markovian. In contrast to the
SETAR and the STAR model, EMS-VAR models include the possibility that
the threshold depends on the last regime, e.g. that the threshold for staying
in regime 2 is different from the threshold for switching from regime 1 to re-
gime 2 . The EMS(M, d)-VAR(p) model will be presented in Section 10.3. It
is shown that the methods developed in this study for MS-VAR processes can
easily be extended to capture EMS-VAR processes.

In this study, it will be shown that the MS-VAR model can encompass a wide spec-

trum of non-linear modifications of the VAR model proposed in the literature.

1.2 Markov-Switching Vector Autoregressions

1.2.1 The Vector Autoregression

Markov-switching vector autoregressions can be considered as generalizations of the
basic finite order VAR model of order p. Consider the p-th order autoregression for

the K -dimensional time series vector ¥; = (y1¢,-..,¥kt) >t =1,...,T,

Yt = V+A1yt_1 + ...+A,,yt_p+ut, (12)

SIf F(-)iseven, eg. F(yp—q —7) = 1 —exp {—(y,~d —r)? }, a generalized exponential auto-
regressive model as proposed by OZAKI [1980) and HAGGAN & 0zAKI [1981] ensues.
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where vy ~ IID(0,%) and yo,...,y1-p are fixed. Denoting A(L) =
Ix — AL — ... — A,L” as the (K x K) dimensional lag polynomial, we as-
sume that there are no roots on or inside the unit circle |A(2)| # 0 for |z| < 1 where
L is the lag operator, so that y;_; = L’ y: . If a normal distribution of the error is
assumed, u; ~ NID (0, X), equation (1.2) is known as the intercept form of a stable
Gaussian VAR(p) model. This can be reparametrized as the mean adjusted form of
a VAR model:

Yo — = A1(ye—1 — 1) + ... + Ap(Ye—p — 1) + ue, (1.3)
where p = (Ix — 37, A;)"'visthe (K x 1) dimensional mean of y;.
If the time series are subject to shifts in regime, the stable VAR model with its time
invariant parameters might be inappropriate. Then, the MS—-VAR model might be
considered as a general regime-switching framework. The general idea behind this
class of models is that the parameters of the underlying data generating process® of
the observed time series vector y; depend upon the unobservable regime variable s,

which represents the probability of being in a different state of the world.

The main characteristic of the Markov-switching model is the assumption that the
unobservable realization of the regime s; € {1,..., M} is governed by a discrete
time, discrete state Markov stochastic process, which is defined by the transition

probabilities

M
Dij :PI’(SH_l :let—_—‘i), Zpij =1 V’L,]E {1,,M} (14)
i=1

More precisely, it is assumed that s; follows an irreducible ergodic M state Markov
process with the transition matrix P. This will be discussed in Section 1.2.4 in more
detail.

In generalization of the mean-adjusted VAR(p) model in equation (1.3) we would

like to consider Markov-switching vector autoregressions of order p and M regimes:

yi—p(se) = A1(se) (ye—1 — p(se-1))+. . -+ Ap(8t) (Wt—p — (st~p))+us, (1.5)

where u; ~ NID (0,%(s;)) and p(se), A1(st), - .., Ap(se), B(s:) are parameter
shift functions describing the dependence of the parameters’ p, A1, ..., Ap, T on

6For reasons of simplicity in notation, we do not introduce a separate notation for the theoretical repre-
sentation of the stochastic process and its actual realizations.
7In the notation of state-space models, the varying parameters p, v, A1, ..., Ap, & become functions

of the model’s hyper-parameters.
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the realized regime s;, e.g.

281 ifs; =1,
plse) =9 (1.6)
puy  ifsy =M.

In the model (1.5) there is after a change in the regime an immediate one—time jump
in the process mean. Occasionally, it may be more plausible to assume that the mean
smoothly approaches a new level after the transition from one state to another. In
such a situation the following model with a regime-dependent intercept term v/(s;)

may be used:

Yy = U(St) -+ Al(st)yt_l + ...+ Ap(st)yt_p + Uy, (17)

In contrast to the linear VAR model, the mean adjusted form (1.5) and the intercept
form (1.7) of an MS(M)-VAR(p) model are not equivalent. In Chapter 3 it will be
seen that these forms imply different dynamic adjustments of the observed variables
after a change in regime. While a permanent regime shift in the mean u(s;) causes
an immediate jump of the observed time series vector onto its new level, the dynamic
response to a once-and-for-all regime shift in the intercept term v(s;) is identical to

an equivalent shock in the white noise series ;.

In the most general specification of an MS-VAR model, all parameters of the autore-
gression are conditioned on the state s; of the Markov chain. We have assumed that
each regime m possesses its VAR(p) representation with parameters v(m) (or p.,),
Ymy Atm, .y Ajm,m =1,..., M, such that

v + A11yt_1 + ...+ Aplyt_p + Ei”ut, ifs; =1

Yt :
UM+ Al Yoot + o AppYep + Sipue,  if s =M

where u; ~ NID (0,1x).8

However for empirical applications, it might be more helpful to use a model where
only some parameters are conditioned on the state of the Markov chain, while the

8Even at this early stage a complication arises if the mean adjusted form is considered. The conditional
density of y: depends not only on s; but also on sg—1, ..., st—p, i.e. MP+1 different conditional
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other parameters are regime invariant. In Section 1.2.2 some particular MS-VAR
models will be introduced where the autoregressive parameters, the mean or the in-
tercepts, are regime-dependent and where the error term 1s hetero- or homoskedastic.

Estimating these particular MS-VAR models is discussed separately in Chapter 9.

1.2.2 Particular MS—-VAR Processes

The MS-VAR model allows for a great variety of specifications. In principle, it
would be possible to (i.) make all parameters regime-dependent and (ii.) to intro-
duce separate regimes for each shifting parameter. But, this would be no practicable
solution as the number of parameters of the Markov chain grows quadratic in the
number of regimes and coincidently shrinks the number of observations usable for
the estimation of the regime-dependent parameter. For these reasons a specific-to-
general approach may be preferred for the determination of the regime generating
process by restricting the shifting parameters (i.) to a part of the parameter vector

and (ii.) to have identical break-points.

In empirical research, only some parameters will be conditioned on the state of the
Markov chain while the other parameters will be regime invariant. In order to estab-
lish a unique notation for each model, we specify with the general MS(M ) term the
regime-dependent parameters:

M  Markov-switching mean ,

I  Markov-switching intercept term ,

A Markov-switching autoregressive parameters ,

H Markov-switching heteroskedasticity .

To achieve a distinction of VAR models with time-invariant mean and intercept term,

means of y; are to be distinguished:

( p1+AIL (1 =B+ - +Ap1 (v p—s1)+EPuy, ifag=1,..., sg—p=1
p1+A11(U¢_1—p1)+...+Ap1(yt_p-—p2)+211/znt, fag=1,..., s pp1=1. 94 p=2
“1+All(yi—l_“M)+'"+Apl(y¢—p_“M)+E;nutv ifsg=1,sy_1=M,..., sy_p=M

"

: ) .
!‘M+A1M(w—1—#1)+.--+APM(yt_p—u1)+EI(,,2ug. fsg=M,sy_1=1,..., s¢_p=1

: . o _ _
}‘M+A1M(!lt—1“l-‘1)+~--+ApM(Vt_p“I‘M_1)+EIC{2“t“L’t—-M--Jt_p+1—M, s4_p=M-—1
\ “M+A1M(Ut—1_I‘M)+'--+ApM(y2-P"”M)+ElI\,42"" ifsg=M, ..., sg_p=M
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Table 1.1: Special Markov Switching Vector Autoregressive Models

MSM MSI Specification
u varying p invariant v varying v invariant
Aj Y invariant MSM-VAR linear MVAR MSI-VAR linear VAR
invariant| X varying MSMH-VAR | MSH-MVAR MSIH-VAR MSH-VAR
Aj Y invariant || MSMA-VAR MSA-MVAR MSIA-VAR MSA-VAR
varying | I varying MSMAH-VAR | MSAH-MVAR | MSIAH-VAR | MSAH-VAR

To achieve a distinction of VAR models with time-invariant mean and intercept term,
we denote the mean adjusted form of a vector autoregression as MVAR(p). An over-
view is given in Table 1.1. Obviously the MSI and the MSM specifications are equi-
valent if the order of the autoregression is zero. For this so-called hidden Markov-
chain model, we prefer the notation MSI(M )-VAR(0). As it will be seen later on, the
MSI(M)-VAR(0) model and MSI(M)-VAR(p) models with p > 0 are isomorphic
concerning their statistical analysis. In Section 10.3 we will further extend the class

of models under consideration.

The MS-VAR model provides a very flexible framework which allows for hetero-
skedasticity, occasional shifts, reversing trends, and forecasts performed in a non-
linear manner. In the following sections the focus is on models where the mean
(MSM(M)-VAR(p) models) or the intercept term (MSI(M)-VAR(p) models) are
subject to occasional discrete shifts; regime-dependent covariance structures of the

process are considered as additional features.

1.2.3 The Regime Shift Function

At this stage it is useful to define the parameter shifts more clearly by formulating the

system as a single equation by introducing “dummy” (or more precisely) indicator
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variables:
lifs, =
I(s; = m) = if s; 'm
0 otherwise,
where m = 1,..., M. In the course of the following chapters it will prove helpful

to collect all the information about the realization of the Markov chain in the vector

€ as
I(St = 1)

I(St:M)

Thus, &; denotes the unobserved state of the system. Since &; consists of binary vari-

ables, it has some particular properties:

Pr(s; = 1) Pr(é: = 1)
Pr(s; = M) Pr(é: = tym)

where ¢, is the m-th column of the identity matrix. Thus E[¢;], or a well defined con-
ditional expectation, represents the probability distribution of s;. It is easily verified
that 14,&; = 1 as well as £;¢; = 1 and §;¢, = diag (&), where 1y = (1,...,1) is
an (M x 1) vector.

For example, we can now rewrite the mean shift function (1.6) as

M
pise) = Y pmI(se =m).
m=1
In addition, we can use matrix notation to derive
lL(St) = M¢,,
where M is a (K x M) matrix containing the means,
M= [ poo-. BM ] , b = vec (M).

We will occasionally use the following notation for the variance parameters:

N
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Om = vech(Z,), o=(01,...,0%)
(K0 )

such that
Et = E(St) = 2(£t ® IK)

is a (K x K) matrix.

1.2.4 The Hidden Markov Chain

The description of the data-generating process is not completed by the observational
equations (1.5) or (1.7). A model for the parameter generating process has to be for-
mulated. If the parameters depend on a regime which is assumed to be stochastic and
unobservable, a generating process for the states s; must be postulated. Using this
law, the evolution of regimes then might be inferred from the data. In the MS-VAR
model the state process is an ergodic Markov chain with a finite number of states
sy = 1,..., M and transition probabilities p;;.

It is convenient to collect the transition probabilities in the transition matrix P,

- -

P11 D12 Pim
P21 P22 PoMm
P=|"_ (1.8)
| P11 P12 PiMm |
where piyy = 1 —piy — ... — pim—1 fori = 1,..., M. To be more precise,

all relevant information about the future of the Markovian process is included in the

present state &;

Pr(€t+1|§t,§t—1, e Yty Yt—1, .- ) = Pr(§t+1l§t)

where the past and additional variables such as y; reveal no relevant information bey-
ond that of the actual state. The assumption of a first-order Markov process is not
especially restrictive, since each Markov chain of an order greater than one can be
reparametrized as a higher dimensional first-order Markov process (cf. FRIEDMANN
[1994]). A comprehensive discussion of the theory of Markov chains with applica-
tion to Markov-switching models is given by HAMILTON [1994b, ch. 22.2]. We will
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just give a brief introduction to some basic concepts related to MS-VAR models, in

particular to the state-space form and the filter.

It is usually assumed that the Markov process is ergodic. A Markov chain is said to
be ergodic if exactly one of the eigenvalues of the transition matrix P is unity and
all other eigenvalues are inside the unit circle. Under this condition there exists a sta-
tionary or unconditional probability distribution of the regimes. The ergodic probab-
ilities are denoted by £ = E[¢;]. They are determined by the stationarity restriction
P’¢ = £ and the adding up restriction 1}, = 1, from which it follows that

-1
£ = Iv1 = Pimoiim—1 Prm-im } [ ?M‘l ] , (1.9

!
M-1 1

If £ is strictly positive, such that all regimes have a positive unconditional probab-
ility & > 0,4 = 1,..., M, the process is called irreducible. The assumptions of
ergodicity and irreducibility are essential for the theoretical properties of MS-VAR
models, e.g. its property of being stationary. The estimation procedures, which will
be introduced in Chapter 6 and Chapter 8 are flexible enough to capture even these
degenerated cases, e.g. when there is a single jump (“structural break™) into the ab-
sorbing state that prevails until the end of the observation period.

1.3 The Data Generating Process

After this introduction of the two components of MS-VAR models, (i.) the Gaussian
VAR model as the conditional data generating process and (ii.) the Markov chain as
the regime generating process, we will briefly discuss their main implications for the

data generating process.

For given states £; and lagged endogenous variables Y;—1 = (¥i_;,¥i—2,---» Y1,
Y0---,Y1—p) the conditional probability density function of y; is denoted by
p(yi|€:, Yi—1). Itis convenient to assume in (1.5) and (1.7) a normal distribution of

the error term ., so that

P(ytlﬁt = Lmayvt-—l)
= In(2m) Y2 |Z|7? exp{(yt — Gmt) Tp (¥t — Ime)},  (1.10)
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where §m: = E[y:|€:, Yi—1] is the conditional expectation of y; in regime m. Thus
the conditional density of y; for a given regime &; is normal as in the VAR model

defined in equation (1.2). Thus:

Yt |£t = lm, Y,t-—l ~ NID (f’jmt, z:‘m,) )
~ NID (g4, (& ©Ik)), (1.11)

where the conditional means ¥,,; are summarized in the vector 3; which is e.g. in

MSI specifications of the form

Y1t n + 2?21 A1jye—;

Tt M+ 2o AM; Y
Assuming that the information set available at time ¢t — 1 consists only of the sample

observations and the pre-sample values collected in Y;_; and the states of the Markov

chain up to §;_1, the conditional density of y; is a mixture of normals?:

P(yelée—1 = ti, Ye1)

M
= Z p(yelée—1 = tm, Yio1) Pr(&e|ée—1 = 1)
m=1
M 1 1
= Y pim (ln(27r)’"5 0 | S|~ exp{(ye = Fmt) St (v — ﬂmt)})l.u)
m=1

If the densities of y; conditional on £; and Y;_; are collected in the vector 7, as

p(yelée = 11, Ye1)
N = . N (1.13)

p(ytlgt =M, }/t—l)

equation (1.12) can be written as

p(vs|éi—1,Yeo1) = M P&y (1.14)

9The reader is referred to HAMILTON [1994a] for an excellent introduction into the major concepts of
Markov chains and to TITTERINGTON, SMITH & MAKOV [1985] for the statistical properties of mix-
tures of normals.



1.3. The Data Generating Process 19

Since the regime is assumed to be unobservable, the relevant information set avail-
able at time ¢ — 1 consists only of the observed time series until time ¢ and the unob-
served regime vector &; has to be replaced by the inference Pr(£;|Y. ). These prob-
abilities of being in regime m given an information set Y, are denoted £, and

collected in the vector Et |- as

Pr(§ = L1|YT)
étlr =
Pr(gt = LMiYT)v

which allows two different interpretations. First, £t| - denotes the discrete conditional
probability distribution of ¢; given Y;. Secondly, {Atlr is equivalent to the conditional
mean of &; given Y,.. This is due to the binarity of the elements of &;, which implies
that E[¢,n:] = Pr(ém: = 1) = Pr(s; = m). Thus, the conditional probability
density of y; based upon Y;_; is given by

pe|Yee1) = Y pe b1 = tm|Yem1)

M
=1

m
M

= Z p(yelée—1 = tm, Yim1) Pr(&i—1 = im|Yi—1) (1.15)

m=1

= Plét—llt—l-

As with the conditional probability density of a single observation y; in (1.15) the
conditional probability density of the sample can be derived analogously. The tech-
niques of setting-up the likelihood function in practice are introduced in Section 6.1.

Here we only sketch the basic approach.

Assuming presample values Yj are given, the density of the sample Y = Yr for

given states £ is determined by
T
p(Y6) = [[ p(welée, Yier)- (1.16)
t=1

Hence, the joint probability distribution of observations and states can be calculated

as
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p(Y,§) = p(Yl§) Pr()
T T
= [[r@lé,Yem1) [[Prélée-1) Pr(&). @17
t=1 t=2

Thus, the unconditional density of Y is given by the marginal density

p(Y) = /p(Y, §) dg, (1.18)

where [ f(z,£)d¢ = Z?f:l . Zf\;f:l f(z,&r = tip,...,& = 1;, ) denotes sum-
mation over all possible values of { = {7 ® {71 ® ... ® §; in equation (1.18).

Finally, it follows by the definition of the conditional density that the conditional
distribution of the total regime vector £ is given by

Pr(gly) = 229

Thus, the desired conditional regime probabilities Pr(¢;|Y") can be derived by mar-

ginalization of Pr(£|Y). In practice these cumbrous calculations can be simplified

by a recursive algorithm, a matter which is discussed in Chapter 5.

The regime probabilities for future periods follow from the exogenous stochastic

process of &;, more precisely the Markov property of regimes, Pr(érq4|é7,Y) =
Pr(érnlér),

Pr(érsnlY) = ) Pr{érinlér,Y)Pr(ér|Y)

3]
= ) Pr(érsnlér) Pr(&r|Y).
£
These calculations can be summarized in the simple forecasting rule:
Pr(st4n = 1Y) Pr(sy = 1Y)
: =[P : :
Pr(sr4+n = M|Y) Pr(sr = M|Y)

where P is the transition matrix as in (1.8). Forecasting MS-VAR processes is dis-
cussed in full length in Chapter 4.

In this section we have given just a short introduction to some basic concepts related
to MS-VAR models; the following chapters will provide broader analyses of the vari-

ous topics.
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1.4 Features of MS-VAR Processes and Their Rela-

tion to Other Non-linear Models

The Markov switching vector autoregressive model is a very general approach for
modelling time series with changes in regime. In Chapter 3 it will be shown that MS-
VAR processes with shifting means or intercepts but regime-invariant variances and
autoregressive parameters can be represented as non-normal linear state space mod-
els. Furthermore, MSM-VAR and MSI-VAR models possess linear representations.
These processes may be better characterized as non-normal than as non-linear time
series models as the associated Wold representations coincide with those of linear
models. While our primary research interest concerns the modelling of the condi-
tional mean, we will exemplify the effects of Markovian switching regimes on the

higher moments of the observed time series.

For sake of simplicity we restrict the following consideration mainly to univariate

processes

P
Yy = v(s)+ Zaj(st)yt—j +ug,  w ~ NID (0,0%(se)).
j=1

Most of them are made for two-regimes. Thus, the process generating y; can be re-

written as

p
v = [va+ (11 — )]+ Z{az + (1 — 02)é1e)ye—; + us,
i=1

u¢ ~ NID (0, [03 + (07 — 03)é1:]).

If the regime s; is governed by a Markov chain, the MS(2)-AR(p) model ensues. It
will be shown that even such simple MS-AR models can encompass a wide spectrum

of modifications of the time-invariant normal linear time series model.
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1.4.1 Non-Normality of the Distribution of the Observed Time
Series

As already seen the conditional densities p(y:|Y;—1) are a mixture of M normals
p(ye|&t, Yi—1) with weights p(&;|Yi—1):

M
PelYem1) = D Emeje—10 (07 (¥e = Trmt))

m=1
where ¢(+) is a standard normal density and G, = E[y:|&: = tm, Yi—1]. Therefore
the distribution of the observed time series can be multi-modal. Relying on well-
known results, cf. e.g. TITTERINGTON et al. [1985, p. 162], we can notice for M =
2:

Example 1 An MS(2)-AR(p) process with a homoskedastic Gaussian inno-
vation process u; ~ NID (0,0?) generates bimodality of the conditional density

p(ye]Ye-1) if
o @1t — Jar) > Ag, > 2,

where the critical value Ag, depends on the ergodic regime probability £, eg.
Dos =2and Ap 1 = Agg = 3.

In contrast to Gaussian VAR processes, MS-VAR models can produce skewness
(non-zero third-order cross-moments) and leptokurtosis (fat tails) in the distribution
of the observed time series. A simple model that generates leptokurtosis in the dis-
tribution of the observed time series y; is provided by the MSH(2)-AR(0) model:

Example 2 Let y; be an MSH(2)-AR(0) process,
Ye — o=y, Uz~ NID(0,021(s; = 1)+ 021(s; = 2)).

Then it can be shown that the excess kurtosis is given by

Ellye —w)*] _, _ 3&&a(0} —03)?
El(y: — n)?? (b0} +&03)%

Thus, the excess kurtosis is different from zero if 0¥ # 0% and 0 < & < 1.

Box & TI1AO [1968] have used such a model for the detection of outliers. In order
to generate skewness and excess kurtosis it is e.g. sufficient to assume an MSI(2)-
AR(0) model:
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Example 3 Let y; be generated by an MSM(2)-AR(0) process:
e — o= (u1 — w)I(s: = 1) + (w2 — u)I(s¢ = 2) + us, u ~ NID (0,0?),

so that
ye — o= (p2 — i) + (1 — p2)ae + us.

Then it can be shown that the normalized third moment of y; is given by the skewness

Ellye — )] _ (m - p2)3(1 = 26)6 (1 - &) _
El(ye — w22/ (02 + (1 — p2)26: (1 - _1))3/2

If the regime t with the highest conditional mean p; > p; is less likely than the other
regime, Ei < E j» then the observed variable is more likely to be far above the mean

than it is to be far below the mean.

Furthermore the normalized fourth moment of y, is given by the excess kurtosis

Ellye =] _,_ (m-m)'6&(1-&){1-3601-4&))

El(y: — n)?? (02 + (11 — pa)?ra)’

Since we have that maxg, e[o,l]{f—l (1-£1)} = § < 3, the excess kurtosis is positive,
i.e. the distribution of y; has more mass in the tails than a Gaussian distribution with

the same variance.

The combination of regime switching means and variances in an MSIH(2)-AR(0)
process (cf. Example 4) is given in SOLA & TIMMERMANN [1995]. The implic-
ations for option pricing are discussed in KAHLER & MARNET [1994b]. For an
MSMH(2)-AR(4) model, the conditional variance of the one-step prediction error
is given by SCHWERT [1989] and PAGAN & SCHWERT [1990].

1.4.2 Regime-dependent Variances and Conditional Heteroske-
dasticity

An MS(M)-AR(p) process is called conditional heteroskedastic if the conditional

variance of the prediction error y; — E[y:|Y:-1],

Var [y:|Y;—1] = E {(yt - E[yt|Yt—1])2}

is a function of the information set Y;_; . Conditional heteroskedasticity can be in-

duced by regime-dependent variances, autoregressive parameters or means.
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In MS-AR models with regime-invariant autoregressive parameters, conditional
heteroskedasticity implies that the conditional variance of the prediction error
Yt — E[y:|Yi-1], is a function of the filtered regime vector ét—-l]t—l- In general, an
MS-AR process is called regime-conditional heteroskedastic if

Var [y¢|és—1,Yi-1] = E {(?!t - E[yt|§t—1,Yl—1])2}

is a function of §; _; . Interestingly, regime-dependent variances are neither necessary
nor sufficient for conditional heteroskedasticity. As stated in Chapter 3, a necessary
and sufficient condition for conditional heteroskedasticity in MS-VAR models with

regime-invariant autoregressive parameters is the serial dependence of regimes.

On the other hand, even if the white noise process u; is homoskedastic, 0%(s;) = o2,

the observed process y; can be heteroskedastic. Consider the following example:

Example 4 Let y; be an MSI(2)-AR(0) process
ve—p = (1 —p)I(se=1)+ (p2 — p)(st =2) +uy,
with us ~ NID (0, 02) and serial correlation in the regimes according to the trans-
ition matrix P. Employing the ergodic regime probability &1, yi can be written as
ye— b= (1 — p2)(€ae — &) + e
Thus E[y:|Y:—1] = p + (11 — ﬂZ)(élt]t—-l — &) and
Var [y:]Yi1] = 0% + (u1 — p2)°E [(&1¢ — &)*|Ye-1]

= o+ (1 — p2)? [glt[t—l(l — &)+ (1 - élt{t—l)(_éltlt—l)z]

o’ + (pa — ﬂ2)2£1t|t—1(1 - élt[t—l)a

where éltlt—l = pllélt—1|t—1 +pn(l- élt—llt—l) = (p11 + p22 — 1)£1t_1|t_1 +
(1—pq3) is the predicted regime probability Pr(sy = 1|Y;_1). Thus {y; } is a regime-

conditional heteroskedastic process.

In contrast to ARCH models, the conditional variance in MS-VAR models (with

time-invariant autoregressive parameters) is a non-linear function of past squared
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errors since the predicted regime probabilities generally are non-linear functions of
Y1

Recently some approaches have been made to consider Markovian regime shifts in
variance generating processes. The class of autoregressive conditional heteroske-
dastic processes introduced by ENGLE [1982] is used to formulate the conditional
process; our assumption of an ¢.1.d. distributed error term is substituted by an ARCH
process uy, cf. inter alia HAMILTON & LIN [1994], HAMILTON & SUSMEL [1994],
CA1[1994] and HALL & SOLA [1993b]. ARCH effects can be generated by MSA-

AR processes which will be considered in the next section.

1.4.3 Regime-dependent Autoregressive Parameters: ARCH
and Stochastic Unit Roots

Autoregressive conditional heteroskedasticity is known from random coefficient
models. Therefore it is not very surprising that also MSA-VAR models may lead to
ARCH. This effect will be considered in the following simple example.

Example 5 Let y; be generated by an MSA(2)-MAR(1) process with i.i.d. regimes:
(ye — 1) = ofse) (ye-1 — p) +w, u ~NID(0,0?).

Serial independence of the regimes implies p11 = 1—p22 = p; the regime-dependent
autoregressive parameters o, o are restricted such that E[a] = a1p+az(1—-p) =
0. Thus it can be shown that

Ely:|Vi-1] = p+(aup+ a2l -p)) y11 = p,
E((ye — p)?|Yim1] = o+ (afp+03(1 - p)) (ye-1 — p)*.

Then y; possesses an ARCH representation y; = |1 + e; with

2 2 2
e, = 0"+ 7ye_y t+e

where ¥ = —ayap > 0 and €, is white noise. Thus, ARCH(1) models can be inter-
preted as restricted MSA(2)-AR(1) models.
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The theoretical foundations of MSA-VAR processes are laid in TIGSTHEIM [1986b].
Some independent theoretical results are provided by BRANDT [1986]. As poin-
ted out by TIGSTHEIM [1986b], the dynamic properties of models with regime-
dependent autoregressive parameters are quite complicated. Especially, if the pro-
cess is stationary for some regimes and mildly explosive for others, the problems of
stochastic unit root processes as introduced by GRANGER & SWANSON [1994] are
involved.1®

It is worth noting that the stability of each VAR sub-model and the ergodicity of the
Markov chain are sufficient stability conditions; they are however not necessary to
establish stability. Thus, the stability of MSA-AR models can be compatible with
AR polynomials containing in some regimes roots greater than unity in absolute
value and less than unity in others. Necessary and sufficient conditions for the stabil-
ity of stochastic processes as the MSA-VAR model have been derived in KARLSEN
[1990a], [1990b]. However in practice, their applicaiion has been found to be rather
complicated (cf. HOLST et al. [1994]).

In this study we will concentrate our analysis on modelling shifts in the (conditional)

mean and the variance of VAR processes which simplifies the analysis.

1.5 Conclusion and Outlook

In the preceding discussion of this chapter MS(M )-VAR(p) processes have been in-
troduced as doubly stochastic processes where the conditional stochastic process is a
Gaussian VAR(p) and the regime generating process is a Markov chain. As we have
seen in the discussion of the relationship of the MS-VAR model to other non-linear
models, the MS-VAR model can encompass many other time series models proposed
in the literature or replicates at least some of their features. In the following chap-
ter these considerations are formalized to state-space representations of MS-VAR
models where the measurement equation corresponds to the conditional stochastic
process and the transition equation reflects the regime generating process. In Sec-
tion 2.5 the MS-VAR model will be compared to time-varying coefficient models

with smooth variations in the parameters, i.e. an infinite number of regimes.

10Models where the regime is switching between deterministic and stochastic trends are considered by
MCCULLOCH & TSAY [1994a].
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1.A Appendix: A Note on the Relation of SETAR to
MS-AR Processes

While the presumptions of the SETAR and the MS-AR model seem to be quite differ-
ent, the relation between both model alternatives is rather close. Indeed, both models

can be observationally equivalent, as the following example demonstrates:

Example 6 Consider the SETAR model
Ye = po + (i — p2)I(ys—a <7) +uy, u ~NID(0,02). (1.19)

For d = 1 it has been shown by CARRASCO [1994, lemma 2.2] that (1.19) is a par-

ticular case of the Markov-switching model
ye = po + (1 — p2)I(se = 1) +us, u, ~NID(0,02),

which is an MSI(2)-AR(0) model. For an unknown 1, define the unobserved regime

variable s; as the binary variable

1 ify1<r

:I 1< =
. (ytl—r) {2 ifys—1>r

such that

Pr(s; = 1|s;—1,Y) = Pr(yi—1 <7ls¢-1,Y)
= Pr(us + (1 — p2)I(st-1 =1) + w1 <7)

= Pr(ug—1 <7 —p2— (1 — p2)I(s¢-1 = 1))

= & (T — 2 = (1 "al‘2)-’(5t~1 = 1))

= Pr(s; = 1]s¢—1).

Hence s; follows a first order Markov process where the transition matrix is defined
as
P [Pu Pi2 ] __z[@(’—;f‘—l) @(ﬂg—’)].
P21 D22 o(7=2) ()
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If d > 1, the data can be considered as generated by d independent series which
are each particular Markov processes. A proof can be based on the property
Pr(s¢|{st-;}321,YT) = Pr(s¢|st—2, Yr); thus s; follows a second order Markov
chain, which can be reparametrized as a higher dimensional first order Markov

chain.



